In this paper, the flow-induced vibration and flutter instability of cantilever carbon nanotubes conveying fluid and modeled as a thin-walled Timoshenko beam are investigated. Analytically nonlocal theory, transverse shear and rotary inertia effects are incorporated in this study. The governing equations and the boundary conditions are derived through Hamilton's principle. Numerical analysis is performed by using extended Galerkin method which enables us to obtain more exact solutions compared with conventional Galerkin method. Variation in the critical flow velocity of carbon nanopipes based on three different models of analytically nonlocal model, partially nonlocal model, and local model are investigated and pertinent comparisons are performed.
Introduction
Carbon nanotubes (CNTs) are potential building blocks for nano-electro-mechanical systems (NEMS), nanoelectronics, nanopipes, nanosensors, nanoactuators, and nanocomposites due to their novel electronic, mechanical, and chemical properties. Because of their ideal hollow cylindrical geometry and superior mechanical strength, carbon nanotubes hold substantial promises as nanocontainers for gas storage and nanopipes conveying fluids (gases or water). In particular, because the kinetic energy of internal moving fluid influences the mechanical behavior of CNTs, the fluid flow inside CNTs is a significant and challenging research topic.
Research on nanoscale structures is difficult to perform, and molecular-dynamics simulations that deal with micro-systems are more expensive and difficult to implement than macro-systems. Molecular structural mechanics and continuum elastic models have been widely used to study the mechanical behavior of CNTs such as static deflection, buckling, thermal vibration, resonant frequencies and modes.
Sohlberg et al. [1] demonstrated that the method of continuum mechanics provides a viable and efficient alternative to the standard method for vibration analysis of CNTs, and emphasized the necessity of the continuum method for effective molecular vibration analysis.
Fernandez et al. [2] revealed that, for a single wall CNT (SWCNT) with free-free boundary condition, as the aspect ratio of the SWCNT and/or number of atoms increases, the difference between the atomistic approach and continuum mechanics analysis based on Euler beam(EB) theory becomes immaterial. They also suggested that transverse shear deformation and rotary inertia effects should be considered for CNTs with small aspect ratios so as to reduce the differences between these two approaches.
Yoon et al. [3, 4] performed research on the flow-induced vibration of CNTs with simply supported and fixed boundary conditions using EB theory. Choi et al. [5, 6] investigated the effect of fluid flow on the free vibration and flutter instability of CNTs based on the Timoshenko beam(TB) theory.
Advanced size-dependent continuum models such as the strain gradient model, couple stress model, and nonlocal stress model incorporating nano-scale effects have been suggested. Among them, the nonlocal stress model developed by Eringen [7] is considered to be more effective because it takes into account the scale effect of nano-sized structures. Unlike the local theories which assume that the stress at a point is a function of strain at that point, the nonlocal stress model assumes that the stress at a point is a function of strains at all points in the continuum.
Soltani [8] , Lee [9, 10] , and Wang [11] dealt with the flow-induced vibration problems of SWCNTs based on the partially nonlocal theory (PNT) and EB theory. However, the PNT 
where ߙሺ|‫′ݎ‬ െ ‫,|ݎ‬ ݁ ሻ is the nonlocal modulus which relates the nonlocal stresses with local ones, ݁ ሺൌ బ ሻ is the nonlocal parameter, ݁ denotes an nonlocal scaling parameter appropriate to each material, and a is the internal characteristic length which is equal to C-C bond length of CNT (0.142nm). For CNT, the values of ݁ are scattered in the range of 0.29 to 8.79 [16] . The nonlocal parameter depends on the boundary conditions, chirality, mode shapes, number of walls, and type of motion. Till date, no rigorous investigation has been carried out on estimating the value of the nonlocal parameter. The value of nonlocal parameter can be determined by conducting a comparison of dispersion curves from the nonlocal continuum mechanics and molecular dynamics simulation.
Because it is difficult for us to analytically solve the nonlocal spatial integral of Eq. (2), Eringen applied the Green's function to simplify the integro-partial equation to an equivalent 2nd order differential equation in the two-dimensional region as follows [7] :
The constitutive relation with the nonlocal effects is stated as
The solution of Eq. (4) is assumed to be a series form as follows [17] :
According to the basic definition, the increase in strain energy per unit volume is defined as the sum (integration) of stress over the history of strain as follows:
The equations of motion and boundary conditions
The equations of motion and their associated boundary conditions for a nanopipe are derived via Hamilton's variation principle as:
The strain energy V in Eq. (7) may be written as in [17] using Eq. (6). .
and, the kinetic energy f K of fluid is given by
The virtual work done ( 
Substitute Eqs. (8), (10), (14), and (15) into Hamilton's variation principle, Eq. (7), collect the coefficients of the virtual generalized displacements, and set these coefficients to zero separately. This procedure yields both the equations of motion and boundary conditions in bending as follows [12] [13] [14] [15] :
Equations of motion:
Cantilever boundary condition:
where
The quantities 
Numerical analysis

Dimensionless governing equations
Nondimensional quantities are introduced to allow the analysis of a generalized system regardless of shape and size as follows:
where f m is the fluid mass per unit length.
Substituting Eq. (19) into the equations of motion (16) and the boundary conditions (17) , the nondimensional equations of motion and associated boundary conditions are given as follows, Equations of motion:
Eigenvalue problem and mode shapes
The solutions are assumed as follows to solve the eigenvalue problem above using the extended Galerkin method.
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In the case of CNTs clamped at both ends, the trial functions j ϕ are assumed as in Eq. (23a,b) using the eigenfunctions of a TB neglecting flow effects:
where ‫‬ , ‫ݍ‬ ‫:݁ݎܽ‬
where j s denotes the j -th eigenfrequency of the cantilevered beam.
Substitute Eqs. (23) into the equations of motion (20) and boundary conditions (21)
, then perform the extended Galerkin integration from j l = to N . Thus, the following equations of motion in a matrix form are obtained:
where ሼ‫ݍ‬ሷ ሽ, ሼ‫ݍ‬ሶ ሽ, ሼ‫ݍ‬ሽ및 ሾ‫ܯ‬ሿ, ሾ‫ܥ‬ሿ, ሾ‫ܭ‬ሿ are as follows; 
If there is damping, the eigenvalue should be expressed as a complex number:
where r α is the damping, r ω is the natural frequency, and the coefficient vector with respect to each natural frequency is a mode shape.
The material properties and geometric dimensions of the nanopipe and fluid used for numerical analysis are as follows:
Stability
The stability characteristics of a nanopipe depend on the sign of the real part r α of eigenvalue r λ in Eq. (28). The system is stable for Tables 1 and 2 show the variations in the first three natural frequencies of a cantilever CNT with the nonlocal scaling parameter ݁ (its values are in the range of 0.29 to 8.79) [16] for two different radius ratios, ܴ /ܴ ௨௧ =0.6 and 0.9, and the geometrical parameters of the CNTs are fixed as ଶோ ೠ ൌ 10, ݄ ൌ 0.34݊݉ herein. The distinctions between CT, PNT, and ANT are highlighted in these tables. In order to assess the effect of the order of nonlocal terms in PNT and ANT, the cases of fourth and sixth-order nonlocal terms are considered herein. Tables 1 and 2 reveal that PNT underestimates the natural frequencies compared with CT, whereas ANT overestimates the natural frequencies compared with CT. This tendency becomes more obvious as the nonlocal scaling parameter (݁ ) and/or mode numbers increase. It is reasonable that the natural frequencies obtained in the nonlocal theory should be larger than those in CT since the increase in the bonding force between the carbon atoms enhances the stiffness of the CNTs. This fact implies that ANT provides more reasonable predictions compared with PNT.
Results and discussions
As the value of ݁ increases, for ANT, the rate of increase in the natural frequencies grew steeper. The reason is that as the value of ݁ increases, the bonding strength of the CNTs increases, and as a result, the stiffness of the CNTs increases. This tendency is more pronounced for the case of ܴ /ܴ ௨௧ ൌ 0.6 than for ܴ /ܴ ௨௧ ൌ 0.9. This is because that smaller CNTs are more sensitive to the scale effect.
For the case of ܴ /ܴ ௨௧ ൌ 0.6, as the nonlocal scaling parameter (e) increases, the difference between the results for the fourth and sixth-order cases becomes larger, while for ܴ /ܴ ௨௧ ൌ 0.9, there are no notable differences between them. This fact implies that a smaller structure is more sensitive to the scale effect. Therefore, for smaller CNTs, it is necessary to consider more nonlocal higher-order terms in the analysis to obtain more accurate predictions. Tables 3 and 4 show the variations in the critical flow velocity at which flutter instability occurs with the nonlocal scaling parameter ݁ (its values are in the range of 0.29 to 8.79) [16] for three different theories (CT, PNT, and ANT) and for two radius ratios, ܴ /ܴ ௨௧ = 0.6 and 0.9. Geometrical parameters are fixed as ‫ܴ2/ܮ‬ ௨௧ ൌ 10, ݄ ൌ 0.34. In order to investigate the effect of the order of nonlocal terms in PNT and ANT, two cases (fourth and sixth-orders) are considered herein. Figures 3 and 4 show the graphical presentation of the results in Tables 3 and 4. Tables 3, 4 and Figs. 3, 4 reveal that the critical flow velocities of PNT decrease whereas those of ANT increase as the scaling parameter ݁ increases. They also show that a larger the value of ݁ results in a stronger nonlocal effect. The critical flow velocities in the nonlocal theory, as in the case of the natural frequencies, are larger than those in CT since the increase in bonding force between the carbon atoms enhances the stiffness of the CNTs. This fact also implies that ANT gives more reasonable predictions on the stability characteristics of CNTs compared with PNT. It is more sensitive to the scale effect in the case of ܴ /ܴ ௨௧ =0.6 than for ܴ /ܴ ௨௧ =0.9. For ܴ /ܴ ௨௧ ൌ 0.6, as the nonlocal scaling parameter (e) increases, the difference in the critical velocities for the fourth and sixth-order cases becomes larger, while for ܴ /ܴ ௨௧ ൌ 0.9, there is no notable difference between them. This fact reveals that the critical velocity is more sensitive to the scale effect for smaller CNTs. Therefore, for smaller CNTs, it is necessary to consider more nonlocal higher-order terms for stability analysis. cal (2) As the value of the nonlocal scaling parameter (݁ ) increases, the critical flow velocity increases since the bonding forces between the internal carbon atoms increases, and as result, the stiffness of the CNTs is enhanced.
(3) It is recommended to increase the order of nonlocal terms for smaller sized CNTs since they are more sensitive to the scale effect.
(4) Nonlocal theory incorporates the scale effect of the bond length of CNTs and lattice parameters, and as a result, it is possible to overcome the limitations in CT where the nonlocal effect is discarded.
(5) ANT can be considered as the most reliable method since it can eliminate the physical contradiction found in PNT. ANT gives results closer to the experiments compared with PNT.
